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Abstract
Let x be a vertex and T a 2nite subtree of a regular tree Tk . We prove that if, for every
harmonic function f on Tk ; f(x) equals the mean value of f on the leaves of T , then these
leaves form a sphere in Tk with centre x. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let Tk be the regular (also called homogeneous) tree of degree k ∈ N; k¿2. In
many aspects Tk can be seen as a discrete analogue of the euclidean plane or, better,
the hyperbolic plane (see [1,2]), in particular with respect to properties of harmonic
functions.
We write d(x; y) the distance between two vertices x and y of Tk : it is the number
of edges in the shortest path from x to y. A real-valued function f on the set of
vertices of Tk is harmonic at the vertex x if
f(x) = |S(x; 1)|−1
∑
y∈S(x;1)
f(y);
where S(x; r) is the set of vertices y with d(x; y)=r ∈ N0, that is, the sphere of centre
x and radius r. The function f is harmonic on Tk if it is harmonic at each vertex of
Tk . A harmonic function f on Tk has the mean-value property on every sphere: for
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every vertex x and every r ∈ N0,
f(x) = |S(x; r)|−1
∑
y∈S(x;r)
f(y):
By analogy with what occurs on Rn (see [3]), we ask if this property can be used
to characterize the spheres in Tk . Precisely, given a 2nite subtree T and a vertex x of
Tk such that, for every harmonic function f on Tk ,
f(x) = |L(T )|−1
∑
y∈L(T )
f(y)
(where L(T ) is the set of leaves of T , that is, the vertices of T which are adjacent
to at most one vertex in T ), can we conclude that L(T ) is a sphere S(x; r) in Tk for
some r ∈ N0?
The answer is positive. It is also positive for ‘biregular’ trees: trees where any
vertices x and y with d(x; y) even have the same degree. In fact this follows from a
result on some particular rooted trees we now de2ne.
Let =(a1; a2; : : :) be an in2nite sequence of natural numbers with a1¿2. We de2ne
(T(); x0) as the tree with root x0 such that x0 has a1 adjacent vertices and every
vertex at distance n¿1 from x0 has 1 + an+1 adjacent vertices. So Tk corresponds to
T(k; k − 1; k − 1; : : :) and a biregular tree to T(k; l; k − 1; l; k − 1; : : :) (trees T() are
sometimes called ‘radial trees’). We de2ne harmonic functions on T() as above.
Proposition 1. Let T be a 9nite subtree of (T(); x0). Suppose that for every
harmonic function f on T() we have
f(x0) = |L(T )|−1
∑
y∈L(T )
f(y): (1)
Then there exists r ∈N0 such that the set of leaves of T; L(T ); is the sphere S(x0; r)
in T().
2. Preliminaries
We introduce some useful terminology (inspired in part by Biggs’ [4]). A vertex
of a tree which is not a leaf is a node. Let (U; u0) be a rooted tree. For k ∈N0, the
level k of U is the set of vertices u of U with d(u0; u) = k. The height of U is
sup{k | level k = ∅}. If x is a node in level k of U , then the sons of x are the vertices
in level k+1 adjacent to x; by a ray starting from x we understand a (2nite or in2nite)
sequence (x; u1; u2; : : :) of vertices of U such that u1 is a son of x and ul+1 a son of ul
for every l, moreover if the sequence is 2nite its last vertex must be a leaf. Finally,
the branch starting from x is the rooted subtree of (U; u0) with root x induced by all
the vertices of all the rays starting from x.
Now an important construction. Given a node x with at least two sons in the rooted
tree (U; u0) and (x; u1; u2; : : :); (x; u′1; u
′
2; : : :) two rays starting from x with u1 = u′1, we
F.J. Gonz/alez Vieli / Discrete Mathematics 234 (2001) 143–148 145
de2ne a function f on the vertices of U as following. Set f(x) = 0; f(uj) = j and
f(u′j)=−j. De2ne f on the other vertices so: if y belongs to the branch starting from
uj (respectively u′j) set f(y) = j (respectively f(y) =−j); if not, set f(y) = 0. Then
f is a harmonic function at every node of U .
3. Proof
We 2rst show that x0 must be a vertex of T . Suppose it is not and take two rays in
T() starting from x0: (x0; u1; u2; : : :) and (x0; u′1; u
′
2; : : :), the 2rst one containing some
leaf uj of T and the second one none, with moreover u1 = u′1. Construct the harmonic
function f on T() as described in the preceding paragraph. Then
|L(T )|f(x0) = 0¡j = f(uj)6
∑
y∈L(T )
f(y);
contradicting (1). We can therefore see T as rooted in x0.
The rest of the proof will be by induction on the height of T .
If the height of T is zero there is nothing to prove. If the height is one, let u1 be
a son of x0 in T() which is also a leaf of T . If there exists a son u′1 of x0 in T()
which is not a leaf of T , consider in T() two rays starting from x0: (x0; u1; u2; : : :)
and (x0; u′1; u
′
2; : : :); then construct the harmonic function f as above. We have
f(x0) = 0¡ |L(T )|−1 = |L(T )|−1
∑
y∈L(T )
f(y);
contradicting (1). So all sons of x0 in T() are leaves of T and the assertion is
established.
Let now n¿2 be the height of T and suppose the assertion is proved for all rooted
trees (T(); u0) and their 2nite subtrees (U; u0) of height less or equal to n− 1. We
distinguish two cases.
Case 1: ak =1 for all k ∈ {2; : : : ; n}. By assumption there exists a ray in T starting
from x0 with n+1 vertices: (x0; u1; u2; : : : ; un); complete it to a ray inT(): (x0; u1; u2; : : :).
Let (x0; u′1; u
′
2; : : :) be a ray in T() starting from x0 with u1 = u′1 and construct the
harmonic function f on T() as above.
If no u′j is a leaf of T then (1) gives
0 = |L(T )|−1f(un) = |L(T )|−1n;
a contradiction. So there is some u′j which is a leaf of T and then (1) gives
0 = |L(T )|−1(f(un) + f(u′j)) = |L(T )|−1(n− j):
Hence j= n. Repeating the same reasoning for all a1− 1 rays starting from x0 and not
containing u1, we obtain that level n of T() is the set of leaves in T : the assertion
is proved.
Case 2: There exists a k ∈ {2; : : : ; n} such that ak¿2. We can choose k with al=1
for all 26l¡k. By assumption there exists a ray in T starting from x0 with n + 1
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vertices: (x0; u1; u2; : : : ; un). Consider now in T() the branch U starting from uk−1:
it is of type T(ak ; ak+1; : : :). Let (U; uk−1) be the 2nite rooted subtree of U induced
by the vertices of T in U. We have L(U )\L(T )⊂{uk−1} and the height of U is
n− k + 1¡n.
We want to apply the induction hypothesis on U and U. For this we take a harmonic
function g on U and extend it to a harmonic function f on T() by letting f(x) =
g(uk−1) for all vertices x of T() not in U. By assumption
|L(T )|f(x0) =
∑
y∈L(T )
f(y): (2)
If uk−1 is not a leaf of U; |L(U )|+ |L(T ) \ L(U )|= |L(T )| and (2) can be written as
|L(T )|g(uk−1) =
∑
y∈L(U )
g(y) +
∑
y∈L(T )\L(U )
g(uk−1);
hence
|L(U )|g(uk−1) =
∑
y∈L(U )
g(y):
If uk−1 is a leaf of U; |L(U )|+ |L(T ) \ L(U )|= |L(T )|+ 1 and (2) can be written as
|L(T )|g(uk−1) =
∑
y∈L(U );y = uk−1
g(y) +
∑
y∈L(T )\L(U )
g(uk−1);
hence
(|L(U )| − 1)g(uk−1) =
∑
y∈L(U );y = uk−1
g(y)
and
|L(U )|g(uk−1) =
∑
y∈L(U )
g(y):
Therefore, we can use the induction hypothesis: L(U ) is the set of vertices of U at
distance n− k +1 from uk−1. Hence, all the vertices at level n in T() of the branch
starting from u1 are leaves of T .
Consider now another son u′1 of x0 and suppose that not all the vertices at level n
in T() of the branch starting from u′1 are leaves of T . Take two rays (x0; u1; u2; : : :)
and (x0; u′1; u
′
2; : : :) of T() and construct the harmonic function f on T() as above;
then (1) does not hold for f: contradiction.
The conclusion follows.
4. Remarks
1. If L(T ) = S(x0; r) in T(), then the vertices of T are the vertices y of T()
with d(x0; y)6r. In other words the set of vertices of T; V (T ), is the ball B(x0; r) in
T().
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Fig. 1. Fig. 2.
2. In fact some minor modi2cations of the above proof give us the following char-
acterization of balls in T():
Proposition 2. Let T be a 9nite subtree of (T(); x0). Suppose that for every
harmonic function f on T() we have
f(x0) = |V (T )|−1
∑
y∈V (T )
f(y): (3)
Then there exists r ∈ N0 such that the set of vertices of T; V (T ); is the ball B(x0; r)
in T().
3. If we remove the condition a1¿2 in the de2nition of T(), then the propositions
are still true providing we suppose that (1) and (3) hold for all functions on the vertices
of T() which are harmonic at every node of T(). In other words, in case a1 = 1
we do not impose that f be harmonic at x0.
4. In [3] the test functions are taken to be harmonic on the bounded open set whose
boundary is then proved to be a sphere, and not on all Rn. Hence, supposing x0 a vertex
of T , we could want to restrict our conditions (1) and (3) to the functions on V (T )
which are harmonic at every node of T — and simply forget the tree T() (functions
on V (T ) harmonic at every vertex of T are constant and therefore give nothing). It is
easily seen that in this case L(T ) is not necessarily a sphere in T , respectively V (T )
not necessarily a ball. As counter-example, every function on V (T ) harmonic at the
nodes of the tree in Fig. 1 (where the white vertex denotes the root x0) veri2es (1).
Similarly, every function on V (T ) harmonic at the nodes of the tree in Fig. 2 veri2es
(3). Finally (1) and (3) are both true for all functions on V (T ) which are harmonic at
every node of the tree in Fig. 3. Moreover, these three counter-examples are minimal.
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Fig. 3.
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